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Abstract. Let G be a linear connected complex reductive Lie group. The 
purpose of this paper is to give explicit symplectic isomorphisms from holomor- 
phic twisted cotangent bundles of the generalized flag varieties of G onto the 
coadjoint orbits of semisimple elements under G, where the transition functions 
of the holomorphic twisted cotangent bundle are given by afEne transforma- 
tions of the fibers instead of linear transformations. Moreover, we show that 
the isomorphisms are G-equi variant. 



1. Introduction 

The reader will agree that cotangent bundles of smooth manifolds and coad- 
joint orbits of Lie groups provide basic and important examples of symplectic 
manifolds. The purpose of this paper is to give explicit symplectic isomorphisms 
from holomorphic twisted cotangent bundles of the complex generalized flag va- 
rieties onto the complex coadjoint orbits of semisimple elements, where the tran- 
sition functions of the holomorphic twisted cotangent bundle are given by affine 
transformations of the fibers instead of linear transformations. 

More precisely, let G denote a linear connected complex reductive Lie group 
with Lie algebra q. We fix a Cartan subalgebra [) of g, and consider a nonzero 
element A of I)*, the dual space of f). Under the assumption that the isotropy 
subalgebra of A in g is distinct from g, take a parabolic subgroup Q of G whose 
Levi factor is the isotropy subgroup of A in G, and let {Ua}a£W/Wx open 
covering of the flag variety G/Q indexed by W/W\ (see fl2.10p for details). Then 
one can construct a holomorphic isomorphism fix-^ from the cotangent bundle 
T*U^ into the complex coadjoint orbit f2x := G ■ X for each cr. Note that U„ 
is homeomorphic to C" and that T*U„ is trivial, i.e., T*Ua ^ f/g- x C" with 
n = dim{G/Q) for each a. We shall see that the isomorphisms {/UAio-jo-eiy/WA 
closely related to the triangular decomposition of G (or rather, of g). 

Furthermore, the isomorphisms {fix-a} acquire equivariance under G if we 
let G act on the trivial bundles by affine transformation instead of the canonical 
one. Since each coset of W/W\ is represented by an element a G G, we can 
glue together the trivial bundles {T*Ua}a by transition functions induced from 
the affine action of G to form a holomorphic twisted cotangent bundle which 
we denote by T*{G/Q)\ in this paper. Since the twisted cotangent bundle is 
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locally isomorphic to the (standard) holomorphic cotangent bundle T*{G/Q) by 
its construction, we can define local isomorphisms from T*{G /Q)\\jj^ into Q\ by 
the same formulae as {/iA;^}, which satisfy the compatibility condition 

/^A;o-U-l(C7ant/r) = ^^\■,T\■UJ-'^{Uar^Ur) 

for a and r G W/Wx, where zu : T*{G/Q)\ — > G jQ is the projection. By patching 
together the maps {/xa;o-}o-, we obtain an holomorphic isomorphism /ia from the 
holomorphic twisted cotangent bundle onto the complex coadjoint orbit. 

We remark that when A = the transition functions of the twisted cotan- 
gent bundle T*{G/Q)x, which are affine transformations of the fibers as mentioned 
above, reduces to the transition functions of the cotangent bundle T*{G/Q), which 
are linear transformations of the fibers, and that the map /ia reduces to the mo- 
ment map from T*{G/Q) into q*. In this sense, the isomorphism fix can be 
regarded clS db twisted moment map (see [6] and [7]). 

A prototype of the isomorphism fix was obtained in the process of proving 
the formula for the generating function of the principal symbols of the invariant 
differential operators that play an essential role in the Capelli identities in the case 
of Hermitian symmetric spaces (see [1] and [2]). Namely, let (Gr, K^) be a classical 
Hermitian symmetric pair of noncompact type such that is a real form of G, 
and assume that A is proportional to the fundamental weight corresponding to the 
unique noncompact simple root. Then the symbols of the differential operators 
7rA(X), X G 0, naturally constitute a holomorphic isomorphism from T*{Gk/Km) 
into g* ~ g, where tta denotes the representation of the complex Lie algebra g 
induced from that of Gu, the so-called holomorphic discrete series representation. 
Note that the Hermitian symmetric case corresponds to the case where the flag 
variety G/Q is Grassmannian. 

Moreover, our twisted cotangent bundle possesses a holomorphic symplectic 
form which is locally expressed by the same formula as that of the canonical 
holomorphic symplectic form on the holomorphic cotangent bundle. Then one 
can show that the isomorphism fix preserves the canonical symplectic forms on 
the holomorphic twisted cotangent bundle and on the complex coadjoint orbit. 
Thus, the holomorphic twisted cotangent bundle of the complex generalized flag 
variety is isomorphic to the complex coadjoint orbit as holomorphic symplectic 
manifold. 

The rest of this paper is organized as follows. In Section 2, we flrst review 
the Hermitian symmetric case by a basic example, then construct holomorphic 
local isomorphisms fix;a from cotangent bundle T*f/o- into the coadjoint orbit for 
a G W/Wx- In Section 3, we deflne an action of G on the cotangent bundle 
by affine transformation, and show that fix;cr is G-equivariant. Replacing the 
canonical transition functions by the ones induced from the affine action of G, we 
construct the holomorphic twisted cotangent bundle mentioned above, and show 
that the maps {/xa;o-}o- define the isomorphism fix from the twisted cotangent 
bundle onto the complex coadjoint orbit. Finally, we prove that the isomorphism 
fix is symplectic. 
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In what follows, whenever there is no risk of confusion, we shall agree that lo- 
cal coordinates themselves represent the points of manifolds under considerations, 
as usual. 

2. Twisted moment map 

Throughout, let G be a linear connected complex reductive Lie group with 
Lie algebra q. Wc fix a Cartan subalgebra of and denote the dual space of 
i) by i)*. Let g = f) © ©qeaSo be the root space decomposition with A a root 
system of Q with respect to t). Choosing a positive root system A"*" C A, we set 
b :— 0QgA+ We take a nonzero root vector from Qa for each a e A. 

2.1. Hermitian symmetric space. In this subsection, let {Gm.,K^) denote a 
classical Hermitian symmetric pair of noncompact type. Let G and K be the 
complexifications of and respectively and Q a maximal parabolic sub- 
group of G whose Levi factor is K. Let t and q be the Lie algebras of K and 
Q respectively. Denoting by u~ the nilradical of q and by u its opposite, we put 
U :— expu and U~ :— expu~. 

Consider a holomorphic character X : Q ^ whose differential restricted on 
P) is proportional to the fundamental weight corresponding to the unique noncom- 
pact simple root. Let us denote by the one- dimensional representation (A, C) 
of Q. Then one can construct an irreducible unitary representation (tta, ^x) of 
Gr, the so-called holomorphic discrete series representation, by Borel-Weil theory 
as follows. Let Lx be the pull-back by the open embedding G^/K^ G/Q of the 
holomorphic line bundle G Xq Cx associated to the principal bundle G G/Q. 
The Hilbert space IKa consists of square- integrable holomorphic sections for Lx, 
which we identify with the space of holomorphic functions / on the open subset 
Gm.Q C G that satisfy the following conditions 

f{xq) = X{q)-^f{x) {x eG^Q,qeQ) and / |/(^)pd^<oo, 

where dg denotes the Haar measure on Gr. Now the irreducible unitary represen- 
tation TTx of is defined by 

7rx{g)f{x) -.^ f{g-'x) for / e :Ka. 

This induces a complex linear representation of g, which we also denote by Hx- 
Take a basis {X^} for g, and its dual basis {Xy}, i.e. the basis for q satisfying 

that 

B{Xi,Xj) = 6ij, 

where B is the nondegenerate invariant symmetric bilinear form on q. For X & q 
given, denoting by ax{X){x,v*) the symbol of the differential operator 7rA(^) at 
x e Gr/Xk with cotangent vector v* e T*{G-r/K-b), we define 

yix^{x,v*) ■.^Y^ax{X^){x,v*)®Xi. 

i 

Note that jix-o is independent of the basis {Xi\ chosen. 
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Recall from [5j, for example, that for a Lie group A and an A-manifold M, the 
cotangent bundle T*M is a symplectic A- manifold in the canonical way. Namely, 
the Lie group A acts on T*M by 

g.{x,v*) = {g.x,{g-'yv*) (2.1) 

for X G M and v* G T*M, where (g^^)* denotes the transpose map of the dif- 
ferential {g~^)* '■ TgxM — )■ T^M induced from the translation by g^^ on the base 
manifold M. 

Then, for X G a := Lie (A), the moment map defined on the cotangent bundle 
H ■.T*M ^ a* is given by 

v*),X) = v*{Xm{x)) {x eM,v* e T:M), (2.2) 

where a* denotes the dual of a, (■, ■) the canonical pairing between a* and a, and 
Xm the vector field on M generated by X: 

^ ip{exp{~tX).x) (2.3) 
t=o 

for functions ip defined around x G M. 

It follows from (12. 2 p and (12. 3 p that the principal part of fi\-o is identical to 
the moment map /i : T*{Gu/Km) — )■ g* composed by the isomorphism g* ~ g 
via the bilinear form B, which we also denote by /i. Here T*{G]^/ K]^) denotes 
the holomorphic cotangent bundle of the Hermitian symmetric space G^/K^. 
Furthermore, the total symbol fix-o can be regarded as a variant of the twisted 
moment map : T*{Gk/K^) — )■ g* ~ g due to Rossmann (see §7 of [7]). In fact, 
the difference fix — f^, which is denoted by A^; in loc.cit. with x G G/Q, can be 
expressed as fix — ^ = Ad{g)X^ , or 

flx{x, V*) = Ad(5()A^ + /i(x, V*), 

where G corresponds to A G g* under the isomorphism g* ~ g via the bilinear 
form B, and g is an element of a compact real form G„ of G such that x = g.eq 
with cq the origin of G/Q. Now, if x is in the open subset G^^/K^ C G/Q, one 
can choose a unique element Ux from a certain open subset of U so that x = Ux-Cq, 
instead of g from Gu- Then, one can immediately verify that 

fiX;o{^, V*) = Ad{ux)X^ + fi{x, V*). 

Moreover, the following relation holds: 

Ad(M;^)/iA;o(a;, V*) = /iA;o(e, < V*) (2.4) 

(see m- 

Example 2.1. Let (Gr, K^) = (SU(p, q), S(U(p) x U(g)) {p^ q), where we realize 
S\J{p, q) as 



SU(p,g) = {g e SLp+q(C); glp^^g = 



with Ip q 



. Then we take K, Q to be given by 
^ = {[g d] e SL,+,(C); a G GLp(C), d G GL,(C)} , 

Q = {[^0] G SLp+,(C);a G GLp(C), d G GL,(C), c G Matg,p(C)} , (2.5) 
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respectively. We can assume that the holomorphic character A : Q — )■ in this 
case is given by 

(detd)-' (2.6) 



c d 



for some integer s. 

Note that G^/K^ is isomorphic to the bounded symmetric domain given by 

{z = (z^-') G Matp,g(C); Ig — ^zz is positive definite} . 

Therefore, we can take holomorphic coordinates (2*-^, ^jj)i=i,...,py=i,...,g around an 
arbitrary point {x,v*) on the whole T*{G^/K^) such that 

v* = J2^,,dz^^. 



Using the fact that u is abelian, it is easy to show that the right-hand side of (12. 4p 
equals 

p+q P 

^ p+q 1J 

(Theorem 4.9, [2]), where we denote the complex p x g-matrix {C,ij) by C,- Thus, if 
s ^ and if we put 



(2.7) 



w 



s and 



1 

w 1 



(2i 



then it is immediate to show that (12.71) is equal to Ad(u^)A^. Hence 

f^X;oi^,v*) = Ad(uJ Ad(u;^)A^. 

This yields an injective holomorphic map fix-o : T*{Gu/Km.) — )■ g, which is a 
prototype of our main object. 

Observe that there is no need to restrict the domain of fix-fl to T*{Gm./ K^). 
Indeed, it naturally extends to the holomorphic cotangent bundle of the open sub- 
set UQ/Q C G/Q if we do not take the real form G^ into account. Furthermore, 
we can take an arbitrary A G f)*; we shall carry out this extended case in the next 
subsection. 

2.2. Generalized flag variety. Let G* be a linear connected complex reductive 
Lie group with Lie algebra q, as above. Consider a nonzero A G f)*, which is not 
necessarily the same as in the previous subsection. Put 

l:=0(A) = {XG0;ad*(X)A = O}; 

we assume that g(A) is distinct from q throughout. Let q be a parabolic subalgebra 
of Q containing b whose Levi part is (. We assume that q is not necessarily maximal. 
Let u~ be the nilradical of q, and u the opposite of u^. Our assumption on q 
implies that the subalgebras u~ and u need not be abelian. At any rate, we have 
the following decompositions: 

q = [©u", and = u©l©u~. (2.9) 

Denote by A(u) the subset of A"*" such that u = ^aeA{u) and u~ = ^aeA(u) 0-"- 
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Let L := G(A) = {g E G; Ad* {g)\ = A}, the isotropy subgroup of A in G. 
Denoting the analytic subgroup of u~ (resp. u) by U~ (resp. U), let us introduce 
holomorphic coordinates z = {z"')a£A(u) on U and w = {wa)aeA{u) on U~ by 
parametrizing elements u eU and G as 

u = exp z'^Ea and m~ = exp WaE_a, 

aGA{u) oGA(u) 

which we denote by Uz and respectively. 

Put Q = LU~ = U^L, and let T*{G/Q) denote the holomorphic cotangent 
bundle of the flag variety G/Q and 

p:G^ G/Q, 

TT : T*{G/Q) ^ G/Q 

the canonical projections. Fixing a representative a E G of each a G W/W\ once 
and for all, let us identify a with a, where Wx denotes the isotropy subgroup of A 
in the Weyl group W. Take the open covering {f/o-} of G/Q: 

G/Q= [j U„ with U„:=aUQ/Q. (2.10) 

Since any element x of is expressed as 

X = au.eq (2.11) 

for a unique u E U, one can introduce holomorphic local coordinates Zo- = 

(^a")aGA(u) on by 

M = exp ^ z^"E^. (2.12) 

aGA(u) 

We denote the element u in f l2.12p by in what follows. Then, every cotangent 
vector V* G T*{G/Q) can be written as 

= ^ ^^„d2^", 

aGA(u) 

which provides holomorphic coordinates {z„,C,„) on tt~^{U„) with = ('Co-a)aGA(u)- 
In other words, one obtains a local triviality 

0. : 7i-\U,) ^U„x C", (x,t;*) ^ {z^,U, (2-13) 

with n = #A(u) = dim(G'/(5) for each a G W/W\. In the sequel, however, if 
(ze, Ce) is in T^^^iJJe) i.e., if a happens to equal the identity element e, we suppress 
the subscripts and just write {z,^) for brevity. 

Remark 2.2. For a G W/W\ given, we have a unique decomposition p~^(f/o-) = 
aUQ = (tUU^L. Namely, any g G p~^{Ua) uniquely factorizes into a product 

g = auu't {u e U,u~ e U" ,t e L), (2.14) 

which plays a role throughout the paper, as we shall see. 

Henceforth, let us fix a cr G W/W\ and discuss inside the product bundle 
T*U„ = 7i~^{Uo-) until the end of this section. 
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Lemma 2.3. For {Zf^,^„) G T*Ua^ given, there correspond unique G U and 
uZ G such that 



Za = o-Uz^.eg and ^„ = -{Ad*{u^JX,Uz^^ du^J, 



(2.15) 



where we identif'^ ^o- = i^aa)a£A(u) with X]aeA(u) ^o"" d;Zcr"; which we abbreviate 

Proof. It is trivial that such G U uniquely exists. If we identify g* with g via 
the nondegenerate invariant symmetric bilinear form 5 on g, the second formula 
of fl2.15p can be rewritten as 



B[M{u~^)X\uz-Uuz 



where G P) corresponds to A G fl* under the identification. 

Now, since duz^ is a 1-form taking values in u, the nondegeneracy of 
i?|u-xu implies that there exists a unique F G satisfying 

B{Y,Uz-JdUz^) = -^^. 

Thus it suffices to show that there exists a unique G such that 

Ad(«-JA^ = A^ + r (2.16) 

since Ad('U~^)A^ is in (©u~ with its l-component equal to A^. Parametrizing 



as 



exp 



(2.17) 



one can determine the coefficients Wg-a inductively from fl2.16p with respect to the 
height of a. 

This completes the proof. □ □ 

Example 2.4. Let us consider the case where G = GL3(C) and a regular semisim- 
ple A = J2t=i '^i^i ^ i-^-' with Aj ^ Xj if i ^ j. Then [ = g(A) is equal to F), the 
Cartan subalgebra consisting of all diagonal matrices in g = g[3(C), q the Borel 
subalgebra b of all lower triangular matrices in g, and u~ (resp. u) the nilpotent 
subalgebra of all strictly lower (resp. upper) matrices in g. 

We restrict ourselves to the case where a = e since the other cases are similar. 
For {z, ^) G T*Ue with z = (2;*'^)i^j<j^3 and ^ d^; = Xli^i<j<3 d^:*'^ if one writes 



u. 



1 ^1,3^1^1,2^2,3- 
1 ^2,3 



Wi^2 1 
Wl,3 + k^l,2W2,3 W2,3 1 



""^We shall sometimes use this convention throughout the paper. 
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as in (12.1 2p and fl2.17p . the second formula of fl2.15p is equivalent to 

A2,3W2,3 - ^^"^'^ ^Ai,3tyi,3 + ^(Al,2 - A2,3)uil,2W^2,3^ = "6,3, 
Al,3iyi,3 + ^(Al,2 - A2,3)W1,2W^2,3 = "^1,3, 



from which it immediately follows that 
1 

a; 



Wh2 = -^(-^l,2 + hl,3Z^'^ 



: (—'^2,3 — o6,3^^ 

\9 3 V ^ 



W2,3 = T ' " " 
A2,3 

^ ( C lAi 2 — A2,3/ ^ 1^ 2,3A / c If 1,2 

Ai,3 V ^ Ai,2A2,3 ^ ^ ' ^ ^ 

where we put Ajj- := Aj — Aj for i ^ j. 

We remark that one can verify that the relation fl2.4l) holds if one constructs 
an irreducible representation of GL3(C) that is induced from the character A : 
Q — !■ by Borel-Weil theory as in the previous subsection. 

Put i7;s^ := G ■ A = {Ad*((7)A G 0*; G G}, the coadjoint orbit of A under the 
complex Lie group G. It is canonically isomorphic to G/L, and we denote by "px 
the canonical surjection 

Vx-.G^Qx. Ad*(^)A. 
Definition 2.5. By Lemma [2.31 above, one can define a holomorphic map 

/iA;a : T*U„ Qx by ^ix;a{za , ia) ■= Ad* {aUz^u'JX, (2.18) 

where Uz^ G U and u^^ G U~ are the unique elements corresponding to {za,C,a) € 
T*U^ determined by the relation (I2.15p . Note in particular that fix;a is injective. 

Remark 2.6. (i) If g & G satisfies that 

for {Zfj,^(j) G T*U„, then there exists an element t E L such that g = aUz^u~J. 
The correspondence {za,^a) ^ g = cruz„u~^t can be regarded as a section for the 
fibration p-^{U„) T*U„: 

...r' 

Pa 

T*U^"- /^A;a(T*f/.). 

Now, let us define a g-valued 1-form 6* on G by 

9g:=g-'dg (g e G). (2.19) 
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By abuse of notation, we use the same symbol 9g to denote the pull-back of the 
1-form given in fl2.19p by the local section g : T*!]^ — ?■ p^^{U(j). Then the second 
formula of fl2.15p can be written as 

where we set a := u^^u^^ for brevity. In fact, since 

(aa)-^ d{aa) = a'^ da = Ad(M^J"^(M^;^ dw^J + m^^^ du~^, 

the relation (12.201) follows from the fact that the second term is a 1-form taking 
values in u~. 

(ii) If one restricts ^ given in (12.151) or (12.201) to the smooth cotangent bundle 
of Gm./ C Ue then one can obtain the reproducing kernel of the irreducible 
unitary representation (nxjO-Cx) of Gk when {Gr,K^) is a Hermitian symmetric 
pair (see [3j for details). 

3. G-EQUIVARIANCE 

3.1. Local G-action. First let us consider such elements g E G that map Ue onto 
itself. 

Definition 3.1. For (z,^) G T*Ue, let Uz E U and u~ G U~ be the unique 
elements determined by (I2.15p . If g E G satisfies that g.z G Ue, or equivalently, 
that gUz G p~^{Ue), then by Remark 12.21 one can write 

guz = Ug.zU'^tg.z with Ug,z G U, u~.^ G U^,tg.z e 

from which it follows that 

guzu- = Ug,zU-,tg,z ■ K 

= Ug,z ■ Ug.z{tg.zUyjtg.].) " tg;^. (S.l) 

In particular, we see that gUzU~ lies in UU^L, and that its U- and L-components 
are identical to those of gUz respectively since tg-zU~tg}. in the subgroup U~ . 
In view of (12.151) and (13. ip . it is natural to define a cotangent vector ipx;e{g)C, 

by 

^x-Ag)^ = -{Ad*{Ug.^,.JX, Ugl dug.z), (3.2) 

where we set u~.,.^ := Ug.^{tg;zU^tg.^z) ^r brevity. If we put a := UzU^, then, as we 
noted in Remark 12. 6^ the right-hand side of (13.20 can be written as 

^A;e(^)e=-(A,^,,i-) (3.3) 
= -{\,9g,) + {X,dtg.zt-^,) 

= ig-'r^ + {X,dtg,zt-^) (3.4) 

since 6ga = {g^^)*9a, where (g^^)* denotes the transpose map of the differential 
{g~^)* ■ Tg,zUe — >■ TzUe induced from the translation by g~^ G G on Ue- 

Note that (13. 2p implies that ipx-e{g)i belongs to T*^{G/Q) since the decom- 
position (13. ip is holomorphic, and that (13. 4p reduces to the canonical G-action on 
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the cotangent bundle given by 02.1 p when A = 0. Furthermore, it follows that the 
second term in fl3.4l) is an exact 1-form since tg-z is an element of G{X) 

Proposition 3.2. Let {z,C,) € T*Ue- For g,h G G such that both h.z and gh.z 
are in Ue, we have 

i^X;e{9)i^x-Ah)0 = i^xAgh)^ (3.5) 

Proof. We use fl3.3p to prove the proposition. Let Uz E U and G be the 
unique elements determined by f l2.15p and let a = u^u^. Since both hu^ and guh.z 
are in p~^{Ue) by assumption, they decompose as 

huz = Uh.zUf^.zth;z e UU'L, (3.6) 
gUh.z = Ugh.zUg.f^ztg;hz G UU'L. (3.7) 

Then, we see that 

g{huz) = g{uh.zu^.zth;z) 

= Ugh.zUg-h.z^a;h.z ■ 'Uh-z^h-z 

= Ugh.z ■ Ug.h,z{tg;h.zUh.ztg}, z) " tg;h.zth;z- (3.8) 

Namely, the L-component of g{huz) equals tg-h.zth;z- 
Now, it follows from (13. 6 p and (13. 7p that 

= V^A;e(^)(-A,^^„j-i) 

fi-z 

^ n,-z g;n,.z 

On the other hand, it follows from (13. 8p that 

= {-^^^ghat-H-} )• 

n-z g;n,.z 

This completes the proof. □ □ 

For (z, G T*Ue and g EG such that g.z G f/e, we define 

^^.M--T*U,-^T*U, by M/A;e(^7)(^,0:=(^?-^,^A;e(^7)0- (3.9) 

Note that ^ \A9)\t*(g/q) = i^xAd) ^ bi-holomorphic map from T*{G/Q) onto 
T;,(G/Q) for all 2 G f/e. 

Proposition 3.3. For {z,^) G T*f/e and g E G such that g.z G f/e; we have 

/iA;e(*A;e(^7)(^,0) = Ad* ((7)^A;e(^, (3.10) 

Proof. This is equivalent to the definition of ipxAd)^ with g E G, as we shall see 
soon. In fact, the elements of U and f/~ corresponding to iPxAq)^ by /iA;e are Ug,z 
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and u~.^.^ respectively in the notation of Definition 13.11 Therefore, the left-hand 
side of (l3.1Up equals 

= Ad*(^M,M^)A = Ad*(^) Ad*(M,M^)A 

by dSl]) and f l218|l . □ □ 

Example 3.4 (Example 12.11 continued). Let G = SLp+g(C),Q and A be as in 
Example 12.11 Then, for {z,C,) G T*Ue, let g = [^^] be an element of G such 
that g.z e Ue- If one writes [J f ] := Ug,^, [ 1 ?] := Ug.^.^ and J] := tg.^ in the 
decomposition (13. ip . an elementary matrix calculation shows that 

z = {az + b)(cz + d)~^ = g.z, 

w = [c+ {cz + d)w) (a — {az + b){cz + d)^^) , 
d = a — (az + b)(cz + d)~^c, 
d = cz + d. 
In particular, one sees 

dz = d{{az + b){cz + d)"^) 

= (a — {az + b){cz + d)^^cj dz{cz + d)~^. 

Using the relation (I2.15p . i.e., ^ = —s one has 

^idz = {cz + d) %dz{cz + dy^ - scdz{cz + d)~^ . 

Taking the trace of the both sides, one obtains (13. 4p in this case; in particular, 
the second term of (13. 4p is given by 

{X,dtg-z'tg-^z) = —stT{^cdz{cz + d)~^) 
= — sdlogdet(cz + d). 

Note that (13.51) corresponds to the cocycle condition of the automorphy factor. 

3.2. Global construction. Recall that the flag variety has the open covering 
{Uo-}cT€W/Wxy that each 7i~^{U„) is bi-holomorphic to f/g- x C" with n = 
dim{G/Q). If a point x G G/Q is in Uo- H Ur, then it can be written 

X = (TUz^.Cq = TU.^.Cq. 

Therefore, if we take into account (I2.15p . (I2.20p and Proposition 13.31 it is natu- 
ral from the group-theoretic point of view to glue together the product bundles 
{7r^^(f/o-)} using the transition functions given by {ipx-e{T^^cr)} as follows (cf. [S]). 

In the disjoint union |J<t(^o- x C"'), let us say that two points {z„, ^^j) G f/o- x 
and {zt-,Ct) E Ur X C'^ are equivalent to each other if and only if 

tUz^.cq = aUz^.CQ and = 'ip\;e{'^'^^)^<^^ (3-11) 
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in which case we write (^o-j^o-) ~ (^t,Ct)- Then we define our twisted cotangent 
bundle to be the quotient space by this equivalence relation: 

T*{G/Q)x:= □ (f/. xC")/~. (3.12) 

We denote by [-2o-,^cr] the equivalence class of {z^^^a) & U„ x <C^ and by w the 
projection 

Note that our twisted cotangent bundle is identical to the (usual) cotangent bundle 
T*{G/Q) set-theoretically: 

T*{G/Q),= U T;(G/g), 

and that a local triviality on w^^{Ucr) is given by 

for each a. Thus, our twisted cotangent bundle is locally isomorphic to the cotan- 
gent bundle and its transition functions are given in terms of the affine trans- 
formations ipx-^e which reduce to the transition functions of the cotangent bundle 
when A = 0. 

Remark 3.5. Since the second term of f l3.4p is exact, one obtains that d^^^dz^) = 
d{^rdzT-) on 7r~^(f/o- fl Ur). Therefore, our twisted cotangent bundle possesses a 
holomorphic symplectic form that is identical to the canonical one on the cotangent 
bundle T*{G/Q), which we shall denote by u. 

Definition 3.6. For given g e G and [za,^o-] G cu"^(f/^) C T*{G/Q)x, take any 
r G W/W\ such that g.z^ G Ur- Suppose that C,^ is written as C,a = {—X,9^^ ^- ) 
with and being the unique elements of U and U~ determined by fl2.20p . 
Then we define a cotangent vector ip\{g)ia ^ T*..^{G/Q) by 

M9)^a ■■= i^x.Ar-'9^){-\eu.^u-J (3.13) 

and a holomorphic map '^\{g) from T*{G/Q)\ to itself by 

^x{g)W,^ ■■= [g.z^,M9)U (3.14) 

Lemma 3.7. The map "is well defined, i.e., it is independent of the choices of 
a and r in (13.131) above. Furthermore, we have 

^xig)^xih) = ^xigh) (3.15) 

for all g,h G G. Namely, G acts on the twisted cotangent bundle T*{G/Q)x 
through "^x- 

Proof. Suppose that [-2o-,.Co-] = [2;6-,'C<5-] take another f such that g.z^ G f/f. 
Then, by definition, one has 

It suffices to show that 

^A;e('r"^fi'<3-)6 = i'X-Ar~'^T)lpx-e{T~'^9(^)^a- 
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Now one sees 

^A;e('r"^5'0-)6 = V'A;e(l'"^fl"3")^A;e('3-~V)^^ 

by Proposition [321 The second assertion also follows from Proposition [321 □ □ 

Since 1a7^^{U„) = n^^i^U^), one can define fj,x.„ : w^^{Ua-) — f^x by the same 
formula as (I2.18P for each a e W/Wx: 

^J'X■,a ■ W^{U„) ilx, [Za,^a] ^ Ad* ((TO^^M^^ ) A, (3.16) 

where u^^ G U and u^^ G are determined by {z^,C,„) as in fl2.15p . 

Proposition 3.8. The local isomorphisms {fJ'X;a}aew/Wx satisfy the compatibility 
condition 

fJ'X;a\u,-^U^nUr) = /^A;TU-i(;7,nc/o (^'^ ^ W/Wx). (3.17) 
Thus we can define a globally defined bi-holomorphic map 

Hx : T*{G/Q)x f^x by ^ixU-^{Ua) '■= I^X;<t- (3.18) 
Furthermore this map is G-equivariant, i,e, we have 

fixo^x{9) = Ad*{g)o^x (3.19) 

for all g E G. 

Proof. Suppose that a point of uj^^{U„ fl Ur) is expressed in two ways: 

[Za,^a] = [Zr,^ G W'^U^ H Ur) , 

where we regard [2;o-,^o-] G 'aj^^{Ua) and [^rj^r] G rxj^^{Ur)- Let Uz„,Uz^ G U and 
u^^^u-^ e U- satisfy 

e. = (-A,^„„„,) and ir = {-\e^^^-) 

as in (12.201) (we shall abbreviate u„ := Uz^,u~ := etc. until the end of the 
proof). Then by the definition of the equivalence relation (13.111) . we have 

for some t G L = G{\). Therefore, we see that 

AtA;r(K,^r]) = Ad*(rM^M7)A = Ad* ((TM^M^t) A 

= Ad* {aU(jU^)X 

= fJ'X-A[Za,^CT])- 

Next, for (jf G G and [-Zo-j^o-] £ ^ ""^(f^o-), take a G W/Wx satisfying g.z^ G Ua- 
Since gaUaU^ is in UU~L, it decomposes, say, 

cr^^ gcrUa-U^ = UiU^ti with Mi G f/, mJ" G U~,ti G L. 
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Therefore, we see that 

= Ad*{a) Ad* {a-^gau^u-t^^)\ 

= Ad*(^)^A([^a,'^a]). 

This completes the proof. □ 



□ 



Example 3.9. Let us consider the case where p = g = 1 in Example I2.1[ i.e., 
G = SL2{C), Q = {[iJlj] G G}, the Borel subgroup of G, and 



a 



c a 



a . 



The flag variety G/Q is identified with the complex projective line CP^. Under 
this identification, the open covering {f/g, f^o-} (with a = [J^^ J] ) is given by 

U, = {{z : 1) G CP^2 G C} ~ C, Ua= {(1 : z^) G CP^;^, G C} ~ C. 

For [z,^] G zxj-'^{Ue) and [z^,^a] € let u^,u^^ G U and u-,u:^^ G 

satisfy C, = —sw, C,^^ = ~sw^ as in fl2.15p . If [2:0-, .^cr] = [z,(,], then one sees 



Zij , 

z 



w„ 



z w + z 



(3.20) 



since ^a- = ^\;e{^ = z^^ - sz. 

Denoting the maps fix-e and fi\.a- followed by the isomorphism 0* — g via the 
trace form by the same notations, one obtains 



/^A;e([2;,^]) = - 



1 + 2zw -2z(l + zw) 
2w -{l + 2zw) 



(3.21) 



and 



(1 + 2z„Wa) -2wa 
2z^{l + z„w^) 1 + 2z^w„_ 

which, under the relation f l3.20p . coincide with each other. 

3.3. Symplectomorphism. We next prove that the map /i^ : T*{G/Q)\ — t- fix is 
symplectic. Let uj and ujx denote the canonical G-invariant holomorphic symplectic 
forms on T*{G/Q)x and Qx respectively. Recall that uj is defined by 

^[z..^.] = - d(e. ^z,) = Yl ^-^-^ ^ (3.22) 

QeA{u) 

if [z^,^a] G tu''^{Ua) C T*{G/Q)x (cf. Remark 1331). and that ux is defined by 

Mf{Xa„YaJ = -{f,[X,Y]) (/ e 12,; X, F G g), (3.23) 
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where X^^ , Y^^ are the vector fields on ilx generated by X, y G g respectively 
that are defined by fl2.3p (see pQ). 

Proposition 3.10. Let u andux be the canonical symplectic forms onT*{G/Q)\ 
and Q\ respectively. Then fix preserves the symplectic forms: 

fi*xOJx = CO. (3.24) 

Proof. It suffices to show the equality fl3.24p on the dense open subset zu~^{Ue). 
For [z, ^] G w~^{Ue), we put g := UzU~, where E U and G U~ are determined 
by (EE]). Then it follows from that 

io = {x,deg) = -{x,egAeg) (3.25) 

since dOg = d{g^^ dg) = —g^^ dg A g^^ dg = —9g A 9g. Thus, if we show that 

Mg.xiXn^.YaJ = -{X,ieg.xA9g.x)iX^^,Y^J) 

for X, y G 0, then we will be done. Here, we set g.X = Ad*(5')A for brevity, and 
denoted by 9g,x the pull-back of the 1-form 9 by the local section 

9 ■■ MA(^'Ht'e)) G, g.X ^ g 

with g = u^u:;^. 

Now, for X G 0, we see that 

d 



exp{-tX).{g.X) 
t=o 



d 
dt 



(7exp(-tAd((7-i)X).A 

i=0 

= g^{M{g-')X)^^{X). 

Hence we obtain that 

e,.x{Xn,) = 9g.x{g.{Ad{g-')X)nJ = {g*9)x{{Adig-')X)nJ 
= 9x{{Ad{g-')X)n,) 
= -Ad{g-')X 

since g*9 = 9 and 9x{Zf2^) = —Z for Z G g. Therefore, we have 

-(A, i9g,x A 9g.x)iX^^,Y^J) = -(A, [9g.xiX^J,9g.xiY^J]) 

= -{X,[Ad{g-')X,Ad{g-')Y]) 
= -{Ad*{g)X,[X,Y]), 

which equals {ijJx)g.x{Xf2^,Ys^J by definition. □ □ 

Example 3.11. We let G = SL2(C), Q and A G g* be as in Example IX^ and still 
identify g* with g by the trace form. If we parametrize an element / G i^A C g 
&s / = [c -a] with a,b and c G C, then it is easy to show that the canonical 
symplectic form ux on i?^ is given by 

2 

Ux = ^ (a d6 A dc — 6 da A dc + c da A db) . 
s^ 
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If / = Ad{g)X^ with g = UzU^t G p ^{Ue) = UU L and if we write and as 



'1 


z 




'1 0" 











1 




w 1 



(z, w G C), 



then we find that 

ux = -sdz A&w = (-A, 6g A 6g). 

Now, for [z,^] G ?7e, if / = /iA([-z, ^]) = P^d{uzU~)\^ , i.e., ^ and w are related 
by ^ = —sw as in Lemma [2.31 (see also fl2.8p ). then it is immediate to see that 

Summing up the results obtained so far, we have established the following. 

Theorem 3.12. Let T*(G/Q)x he the twisted holomorphic cotangent bundle of 
the generalized flag variety, and Qx the coadjoint G -orbit of X. Then the map fix '■ 
T*{G/Q)x — )■ f^x defined by fl3.16p and fl3.18l) gives a G-equivariant holomorphic 
symplectic isomorphism. 
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